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We present an analysis of the formation and evolution of the transient periodic

pattern in the nematic director field reorientation in the magnetic non-

Fréedericksz twist geometry and compare with experiments. The stability

analysis of the magnetically induced director reorientation in a planar

oriented nematic slab with rigid anchoring and with the viscoelastic

parameters of 5CB shows that, when the magnetic field is not normal to the
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undisturbed director n0, the transient hydrodynamic instability sets in for a

periodic pattern that is oblique with respect to n0, in agreement with our

experimental results for a nematic slab of 5CB. The analysis of the formation

of the stripes show the equivalent of a tricritical point separating supercritical

from subcritical bifurcations when the critical wavevector at the transition is

plotted as a function of the reduced field. The analysis of the evolution of the

stripes show that the amplitude of the periodic perturbations only grows

significantly near the Fréedericksz geometry. This is also in agreement with

our experimental results, where the stripes are only observable in the vicinity

of this geometry. Our results show that there is a favourable range of the

magnetic field intensity for the instability growth which corresponds to a mini-

mum of the obliqueness of the stripes. We also show that the time for reaching

the maximum distortion amplitude decreases with increasing magnetic

field while for given field it increases when the Freedericksz limiting case is

approached.

1. INTRODUCTION

The study of field induced transitions such as both the homogeneous [1,2]
and inhomogeneous [3,4] Freedericksz transitions or in non-Freedericksz
geometries [5,6] is an active subject in liquid crystal science. The formation
of periodic stripes is, in general, determined by the competition between
the elastic energy of the liquid crystal, the viscous dissipation, the interac-
tion of the liquid crystal with the applied field, and the surface anchoring
energy. It is the goal of this work to present an analysis of the formation
and evolution of the transient periodic pattern in the nematic director field
reorientation in the magnetic non-Fréedericksz twist geometry and com-
pare with experiments. We study both theoretically and experimentally a
sealed sample of 5CB between two parallel plates with planar boundary
conditions and rigid anchoring.

The stability of the uniform director field reorientation with respect to
periodic perturbations is studied as a function of the magnetic field H,
the angle a between H and the initial homogeneous nematic director n0

(H not normal to n0) and the nematic viscoelastic parameters. This pertur-
bation method allows to linearize the dynamic equations around the uni-
form reorientation u(t) taken at a time t after the magnetic field is
applied [7]. Three cases are studied:

1. uðt ¼ 0Þ ¼ 0;
2. uðt << s0Þ << 1, where s0 is the uniform reorientation time, which

allows to linearize u(t);
3. the complete (non-linear) solution for u(t).

1. The zero order theory in u(t) allows to explain the formation of spatial
periodic director structures in the non-equilibrium nematic sample. The

240=[2376] J. P. Casquilho et al.
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case of a director reorientation with a pattern of periodic stripes normal to
n0 allows to obtain analytical expressions for the critical wave vector and
for the critical control parameters (H and a) [7], which shows that the per-
iodic mode is cut off at a higher reduced field when the magnetic field acts
away from the normal direction. In this case of normal stripes the bifurca-
tion is supercritical. The numerical solution of the perturbation equations
with the parameters of 5CB as reported in this work shows that a stripe
pattern oblique to n0 is selected in this case. This is in agreement with
the experimental results for a slab of 5CB reported here. These numerical
results show the equivalent of a tricritical point separating supercritical
from subcritical bifurcations when the critical wavevector at the transition
is plotted as a function of the reduced field.
2. The first order theory in u(t) was worked out for normal stripes which
allowed to obtain analytical results for the evolution of the periodic pattern
[6]. For a < p=2 the results predict that the periodic modes selected in
each instant have progressively smaller wave vectors as the director reori-
ents back to equilibrium. It is also predicted that the initially growing
amplitude of the periodic modes gets damped after a critical time and
eventually vanishes. Consequently, it does not give way to inversion walls
as in the a ¼ p=2 case but instead an uniform reorientation regime eventu-
ally develops. This is in qualitative agreement with the experimental
observations reported here.
3. The non-linear theory in u(t) is used in this work to obtain numerical
results with the parameters of 5CB and for a 50 mm cell width. A periodic
pattern that is oblique with respect to n0 shows up, in agreement with
our experimental results for a nematic 50 mm slab of 5CB. While the results
agree with the zero and the first order theories, they also show that the
amplitude of the periodic perturbations only grows significantly near
a ¼ p=2, predicting that the stripes should only be observable in the vicin-
ity of the Freedericksz geometry. This is also in agreement with the exp-
erimental results. Our results show that there is a favourable range of
the magnetic field intensity for the instability growth which corresponds
to a minimum of the obliqueness of the stripes. We also show that the time
for reaching the maximum distortion amplitude decreases with increasing
magnetic field while for given field it increases when the Freedericksz
limiting case is approached.

2. FORMATION OF THE PERIODIC PATTERN

We consider a nematic aligned monodomain between two parallel plates
with planar boundary conditions and rigid anchoring and with positive ani-
sotropy of the magnetic susceptibility va . The magnetic field H is applied at
an angle a with respect to the initial homogeneous director n0. We study

Transient Pattern Dynamics 241=[2377]
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the stability of the uniform reorientation in respect to a (spatially) periodic
reorientation where the director remains in the sample plane such that the
distortion angle h depends on the height z and the position x along the axis
defined by n0 and the position y. This corresponds to a twist-splay-bend
deformation of the director and to a pattern of periodic stripes oblique to
n0 as observed with 5CB (see next section). Accordingly, the following
magnetic, velocity and director fields are considered:

Hx ¼ H cos a;Hy ¼ H sin a;Hz ¼ 0

vxðx; y; z; tÞ; vyðx; y; z; tÞ; vz ¼ 0

nx ¼ cos hðx; y; z; tÞ;ny ¼ sin hðx; y; z; tÞ;nz ¼ 0

ð1Þ

We now follow the perturbation method described in [7]: we write the
Ericksen-Leslie equations [8] for the fields (1) and take the following func-
tions for the velocity and the director fields:

vxðx; y; z; tÞ ¼ 0þ nvxðx; y; z; tÞ
vyðx; y; z; tÞ ¼ 0þ nvyðx; y; z; tÞ
hðx; y; z; tÞ ¼ u tð Þ þ nhðx; y; z; tÞ

ð2Þ

In the rhs of (2) the first terms correspond to the uniform reorientation and
the second terms correspond to the perturbations of the velocity and the
director fields respectively. To first order, the perturbation equations
around uðt ¼ 0Þ ¼ 0 are:

q
@

@t
vx;y � vy;x
� �

¼ 2v1vx;xxy þ gbvx;yyy þ g4vy;xyy þ gbvx;zzy � g6vx;yxx

� gcvy;xxx � a4vy;yyx � gavy;zzx þ a3
@

@t
nh;yy

� a2
@

@t
nh;xx � c2

duðtÞ
dt

����
t¼0

nh;xy þ nh;yx
� �

ð3Þ

c1
@

@t
nh þ a3vx;y þ a2vy;x þ vaH

2 cos 2a

� K1nh;yy � K2nh;zz � K3nh;xx ¼ 0 ð4Þ

where the parameters are the Leslie coefficients ai; i ¼ l; :::; 5;
a6 ¼ a3 þ a2 þ a5, the rotational viscosities c1 ¼ a3 � a2 and c2 ¼ a3 þ a2,
the Miesowicz viscosities 2ga ¼ a4, 2gb ¼ a3 þ a4 þ a6 and
2gc ¼ a4 þ a5 � a2, the elongational viscosity 2v1 ¼ a1 þ a4 þ a5 þ a6 and
the viscosities 2g4 ¼ a4 þ a6 � a3 and 2g6 ¼ a4 þ a5 þ a2, and the Frank
elastic constants Ki, i ¼ 1,2,3 [8]. In (3) we take [6]:

242=[2378] J. P. Casquilho et al.
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du tð Þ
dt

����
t¼0

¼ 1

2

vaH
2

c1
sin 2að Þ ð5Þ

It is the term in ðduðtÞ=dtÞt¼0 in equation (3) that will allow to obtain an
oblique stripe pattern for a 6¼ 90� . We take the following ansatze for the
perturbations:

nvxðx; y; z; tÞ ¼ �v0ðtÞqy sinðqxxþ qyyÞ cos qzz
nvyðx; y; z; tÞ ¼ v0ðtÞqx sinðqxxþ qyyÞ cos qzz
nhðx; y; z; tÞ ¼ h0ðtÞ cosðqxxþ qyyÞ cos qzz

ð6Þ

where qx, qy and qz are the cartesian components of the wavevector of the
distortion, with qz ¼ p=d where d is the sample thickness in the OZ direc-
tion. The functions (6) represent harmonic distortions that obey the
boundary conditions at z ¼ �d=2 corresponding to the no slip condition
for the velocity and to planar alignment for the director [9]. This descrip-
tion of the velocity obeys the incompressibility condition.

In the following analysis we will simplify the problem neglecting the
inertial term in the velocity equation (3). We checked for d up to 1mm that
the stability analysis of both the system (3,4) with (5,6) and the symplified
system gives the same results. It is convenient to write the resulting equa-
tion in the following adimensional form:

cef
dh0
dt0

¼ �aþ b

c

c2
c1

q0xq
0
yh

2 sin 2a

� �
h0 ð7Þ

where h ¼ H=Hc is the reduced field with Hc ¼ ðK2p2=vad
2Þ1=2 the critical

field for the homogeneous twist Freederickzs transition [8],
t0 ¼ t=ðc1=vaH2

c Þ is a reduced time, cef ¼ 1� b2=c1c is a reduced effective
viscosity, q0x ¼ qx=qz and q0y ¼ qy=qz are the reduced components of the
wave vector of the periodic mode and

a ¼ 1þ K1

K2
q02y þ K3

K2
q02x þ h2 cos 2a ð8Þ

b ¼ a2q
02
x � a3q

02
y ð9Þ

c ¼ Nq02x q
02
y þ gbq

04
y þ gcq

04
x þ gaq

02
x þ gbq

02
y ; N ¼ a1 þ nb þ gc ð10Þ

The substitution of the ansatz h0ðt0Þ ¼ h0ð0Þ expðkt0Þ in equation (7) yields
the growth rate kðq0x; q0y;h; aÞ of the periodic modes. Next we maximize this
function in order to q0x and q0y, and we get the components q0xc and q0yc of the
(reduced) critical wavevector and the critical growth rate kc � k

�
q0xc; q

0
yc

�
.

We will take q0xc as the order parameter of our system. These components

Transient Pattern Dynamics 243=[2379]

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 1
0:

39
 1

1 
A

ug
us

t 2
01

2 



have been calculated numerically with the viscoelastic parameters of 5CB
of Table 1. In the Figure 1 the ratio qyc=qxc is plotted as a function of
the angle a � 90� for two different values of the reduced field h, showing
that this ratio is smaller than one, increases from zero when a departs from
90� and gets smaller for larger reduced fields. The calculations for a > 90�

predict an inversion of the obliqueness of the stripes after a ¼ 90�, which
is in (qualitative) agreement with our experimental results (see next
section).

Figure 2 shows the values of q0xc and q0yc at the transition homogeneous –
periodic reorientation and the corresponding values of the critical angle ac,
as a function of the reduced field. For each value of h a scan in a was made

FIGURE 1 The ratio qyc=qxc is plotted as a function of the angle a. (1) h ¼ 2;

(2) h ¼ 20.

TABLE 1 Parameters of 5CB [10]

a1 ¼ �0.066 g cm�1s�1

a2 ¼ �0.77 g cm�1s�1

a3 ¼ �0.042 g cm�1 s�1

a4 ¼ 0.634 g cm�1s�1

a5 ¼ 0.624 g cm�1 s�1

K1 ¼ 5.95� 10�7 dyne

K2 ¼ 3.77� 10�7 dyne

K3 ¼ 7.86� 10�7 dyne

244=[2380] J. P. Casquilho et al.

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 1
0:

39
 1

1 
A

ug
us

t 2
01

2 



from 90� downwards. These results show at hc ¼ 1:34 a critical field for the
growth of the periodic mode and at ht ¼ 1:5 the equivalent of a tricritical
point separating continuous from discontinuous transitions.

3. EVOLUTION OF THE PERIODIC PATTERN

The time evolution of the periodic perturbation was investigated for
uðt; zÞ 6¼ 0 where uðt; zÞ is the (non-linear) homogeneous reorientation
considering boundary conditions. The director and velocity equations were
linearized in the perturbations n given by (6) around u(t) and these equa-
tions were numerically integrated considering for nh as initial conditions a
thermal distribution of modes. Details will be given elsewhere [11]. The
determination of each mode amplitude at time t nhðt; qÞ was achieved by
numeric integration of the linearized equations from t ¼ 0 to t for specific
values of qx and qy. The leading mode amplitude nhðtÞ and its wave vector q
were found maximizing nhðt; qÞ as a function of q. The time evolution of the
leading mode amplitude nhðtÞ and wave vector q were determined for sev-
eral magnetic field strengths and inclination angles a. It is seen that nhðtÞ
reaches a maximum for a specific time tm. In (Figures 3a–d) the values
of nhðtmÞ, qðtmÞ, tm and the stripes tilt angle W ¼ tg�1ðqy=qxÞ are plotted
as a function of the field strength for a ¼ 86�. These results show that there

FIGURE 2 q0xc; q
0
yc and ac at the transition aperiodic – periodic reorientation, as a

function of the reduced field.

Transient Pattern Dynamics 245=[2381]

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 1
0:

39
 1

1 
A

ug
us

t 2
01

2 



is a favourable range of the magnetic field intensity for the instability
growth which corresponds to a minimum of the obliqueness of the stripes,
and that the time for reaching the maximum distortion amplitude
decreases with increasing magnetic field while for given field it increases
when the Freedericksz limiting case is approached.

The formation and evolution of the periodic stripes where also studied
experimentally. A planar cell filled with 5CB was placed in the pole gap

FIGURE 3 (a)nhðtmÞ (b)qðtmÞ (c)tm (d)WðtmÞ v:s: B for a ¼ 86�.

246=[2382] J. P. Casquilho et al.
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of an electromagnet. Reflection patterns of sample cells at 10 degree inci-
dence were observed directly in the magnetic field. A standard lamp fitted
with a linear polarizer was used as the light source. The light reflected from
the cell was recorded by means of a color video camera (320� 240 pixels).
Video output of the camera was captured into a PC. Pictures were taken at
a rate of 25 frames=s. The sample cell was mounted on top of a temperature

FIGURE 3 (Continued).

Transient Pattern Dynamics 247=[2383]
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FIGURE 4 (a) Picture of the stripe pattern for B ¼ 5 kG and a ¼ 88.5�. (b) Wave

vector q v.s. applied magnetic field B for a ¼ 88.5�. (c) Stripes tilt angle W v.s.

rotation angle a for B ¼ 5 kG.

248=[2384] J. P. Casquilho et al.
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controlled sample holder which could be rotated by a mechanical system in
steps of 0.25 degree around an axis normal to the cell plane. The sample
cells have a thickness of 50 micron and were manufactured by E.H.C.co.
Details of the experimental set-up and procedure will be given elsewhere
[12]. The experimental results for q and W show good agreement with
the dependencies numerically found as seen in Figure 4. The picture shown
in the Figure 4a is a single frame while the experimental points shown in
the Figure 4c are obtained from an average of several frames. In the Figure
4b the lower experimental points correspond to the non-linear mode [12].
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